Abstract. There are nice relations between graded homological dimensions and ordinary homological dimensions. We study the Gorenstein injective dimension of a complex of graded modules denoted by * Gid, and derive its properties. In particular we prove the Chouinard's like formula for * Gid, and compare it with the usual Gorenstein injective dimension.
Introduction
Let R be a Noetherian Z-graded ring. In [9] and [10] , Fossum and Fossum-Foxby have studied the graded homological dimension of graded modules and compare them with classical homological dimensions. They shown that for a graded Rmodule M , one has * id R M ≤ id R M ≤ * id R M + 1 where id R M (resp.R/m n , which is a Noetherian graded ring by [9, Corollary VIII.2] . It is known that the m- * adic completion * R is a flat R-module [10, Corollary 3.3] , and that if E := * E R (R/m) is the * injective envelope of R/m over R, then * Hom R (E, E) ∼ = * R [9, Theorem VIII.3].
The symbol * C(R) denotes the category of complexes of graded R-modules and homogeneous differentials. Note that the category of graded modules is an abelian category, hence * C(R) has a derived category, (see [15] ), which will be denoted by * D(R). Analogously we have * C ⊏ (R), * C ⊐ (R), * C (R) and * C 0 (R) (resp. * D ⊏ (R), * D ⊐ (R), * D (R) and * D 0 (R)) which are the full subcategories of * C(R) (resp. * D(R)). If we use the notation X ∈ * C (♯) (R), we mean H(X) ∈ * C ♯ (R). For R-complexes X and Y of graded modules, with homogeneous differentials ∂ X and ∂ Y , we define the homomorphism complex * Hom R (X, Y ) as follows:
and when ψ = (ψ p ) p∈Z belongs to * Hom R (X, Y ) ℓ the family ∂ * HomR(X,Y ) ℓ (ψ) in * Hom R (X, Y ) ℓ−1 has p-th component
When X ∈ * C f ⊐ (R) and Y ∈ * C ⊏ (R) all the products * p∈Z * Hom R (X p , Y p+ℓ ) are finite. Thus using [3 for every ℓ ∈ Z. Therefore * Hom R (X, Y ) = Hom R (X, Y ). We also define the tensor product complex X ⊗ R Y as follows:
and the ℓ-th differential ∂ Proposition 2.1. Let S be a graded ring which is an R-algebra.
* Adjointness. Let Z, Y ∈ * C(S) and X ∈ * C(R). Then Z ⊗ S Y ∈ * C(S) and * Hom R (Y, X) ∈ * C(S), and there is an isomorphism of S-complexes
which is natural in Z, Y and X. * Tensor-Evaluation. Let Z, Y ∈ * C(S) and X ∈ * C(R). Then * Hom S (Z, Y ) ∈ * C(R) and Y ⊗ R X ∈ * C(S), and there is a natural morphism of S-complexes
The morphism is invertible under each of the next two extra conditions
, and X ∈ * C (R). * Hom-Evaluation. Let Z, Y ∈ * C(S) and X ∈ * C(R). Then * Hom S (Z, Y ) ∈ * C(R) and * Hom R (Y, X) ∈ * C(S), and there is a natural morphism of S-complexes
, and X ∈ * C (R).
By Z ∈ * C f p (S) we mean that Z consists of finitely generated projective S-modules.
We recall the definition of the depth and width of complexes. Let a be an ideal in a ring R and X a complex of graded R-modules. The a-depth and a-width of X over R are defined respectively by depth(a, X) := − sup R Hom R (R/a, X),
If (R, m) is a local ring then set depth R X := depth(m, X) and width R X := width(m, X).
Now let (R, m) be a * local graded ring and X be a complex of graded R-modules. By [3, Proposition 1.5.15(c)], − ⊗ R R m is a faithfully exact functor on the category of graded R-modules. Then we have
Likewise we have depth(m, X) = depth Rm X m . Proposition 2.2. Let (R, m, k) be a * local ring and X ∈ C ⊐ (R) and set E := * E R (k). Then width(m, X) = depth(m, R * Hom R (X, E)).
Proof. We have the following computations:
The second equality hods since E is faithfully * injective and the third one uses the * adjointness isomorphism.
The following lemma is the graded version of one of Foxby's accounting principles [5, Lemma A.7.9] . 
Thus using part (a) we have
This completes the proof.
The following equality is the graded version of [20, Lemma 2.6] .
Proof. Use Lemma 2.3 and the same argument as [20, Lemma 2.6].
Let a ∈ R be homogeneous and set α = deg(a). Then the complex 0 → R(−α) a → R → 0 concentrated in degrees 1 and 0 is called the Koszul complex of a, and denoted by K(a), where R(−α) denotes the graded R-module with grading given by R(−α) n = R n−α . Note that K(a) ∈ * C(R). Now let a be a homogeneous ideal of R and a 1 , · · · , a n be a set of generators of a by homogeneous elements. The Koszul complex of a, denoted by K := K(a), and define as K(a 1 ) ⊗ R · · · ⊗ R K(a n ). It is shown in [12] that width(a, X) = inf(K ⊗ R X).
Let α : X → Y be a homogeneous morphism between R-complexes of graded R-modules. The mapping cone of α is a complex of graded R-modules given by
It is easy to see that the morphism α : X → Y between complexes of graded Rmodules is quasi-isomorphism if and only if the mapping cone of α is homologically trivial (see [5, Lemma A.1.19] ). Also for the covariant and contravariant functors * Hom R (V, −) and * Hom R (−, W ) we have the following: Proposition 2.5. Let B be a class of graded R-modules, and α : X → Y be a quasiisomorphism between complexes of graded R-modules such that * Hom R (α, V ) :
is quasiisomorphism for every module V ∈ B. Let V ∈ * C(R) be a complex consisting of modules from B. Then the induced morphism, * Hom R (α, V ) :
is a quasiisomorphism, provided that either
Proof. In either cases it is enough to show that * Hom R (M(α), V ) is homologically trivial. On the other hand by graded version of [7, Lemma 2.5 ] the result holds if * Hom R (M(α), V ℓ ) is homologically trivial for each ℓ ∈ Z which this is our assumption.
3.
* injective dimension
The injective dimension of a complex X is defined and studied in [1] , denoted by id R X. A graded module J is called * injective if it is an injective object in the category of graded modules. The injective dimension of a graded module M in the category of graded modules, is denoted by * id R M (cf. [10, 15, 3] ). The * injective dimension of a complex of graded modules X is studied in [15, Page 83] . Let n ∈ Z. A homologically left bounded complex of graded modules X, is said to have * injective dimension at most n, denoted by * id R X ≤ n, if there exists an * injective resolution X → I, such that Theorem 3.1. For X ∈ * D ⊏ (R) and n ∈ Z the following are equivalent:
(4) n ≥ − inf X and for any (resp. some) * injective resolution I of X, the graded R-module Ker(∂ −n :
Moreover the following hold:
Proof.
(1) ⇒ (2) Let t := sup U and I be an * injective resolution of X, such that, for all i < −n,
Since * Hom R (U, I) −i = 0 for −i < −n − t, the assertion follows. 
gives an * injective resolution of Ker ∂ −n . In particular * Ext
(4) ⇒ (1) Let I be any * injective resolution of X. By (5) we have Ker ∂ −n is * injective. Thus * id R X < −n by definition. The next two equalities are trivial.
For a local ring (R, m, k) and for an R-complex X and i ∈ Z the ith Bass number and Betti number of X are defined respectively by µ
As a graded analogue we have: 
, is not empty. Let p maximal in this set, and for a homogeneous x ∈ R\p consider the exact sequence
R (R/(p+Rx), X) in which the left-hand term is trivial because of the maximality of p.
is injective for all homogeneous elements x ∈ R\p, hence so is the homogeneous localization homomorphism 
The proof of the following proposition is easy so we omit it (see [3, Theorem 1.5.9]). Let J be an ideal of the graded ring R. Then the graded ideal J * is denoted to the ideal generated by all homogeneous elements of J. It is well-known that if p is a prime ideal of R, then p * is a homogeneous prime ideal of R by [3, Lemma 1.5.6].
Proposition 3.4. Assume that X ∈ * D (R) and p is a non homogeneous prime
Proof. Using Proposition 3.4, we can assume that both depth X p and depth X p * are finite. So the equality follows from the fact that over a local ring (R, m, k) we have depth R X = inf{i ∈ Z|µ i R (X) = 0}. Foxby in [11] defined the small support of a homologically right bounded complex X over a Noetherian ring R, denoted by supp R X, as
* supp R X be a subset of supp R X consisting of homogeneous prime ideals of supp R X. Then from Proposition 3.4 we see that p ∈ supp R X if and only if p * ∈ * supp R X. Also using [11, Proposition 2.8] and Corollary 3.5 (or directly from Proposition 3.4) we have 
Proof. We have the following computations * id R X = sup{m ∈ Z|∃p ∈ * Spec(R) :
The first equality is by Proposition 3.2 and the last one is by [20, Lemma 2.6(a)].
The following corollary was already known for graded modules in [10, Corollary 4.12].
Proof. First of all note that by proposition 3.4, id R X < ∞ if and only if * id R X < ∞. The first inequality is clear by Theorem 3.7 and [20, Theorem 2.10]. For the second one let p ∈ Spec R be such that id R X = depth R p − width Rp M p by [20, Theorem 2.10]. By Corollary 3.5 and Proposition 3.6 we have
where the second inequality holds by Theorem 3.7.
Here we define the * dualizing complex for a graded ring and prove some related results that we need in the next section. 
where
Proof. Since D is a normalized * dualizing complex for R, T := H 0 (R * Hom R (−, D)) is an additive contravariant exact functor from the category of graded modules of finite length to itself. Let M be a graded R-module and m ∈ M is homogeneous element of degree α. Then ǫ m : R(−α) → M is a homogeneous morphism which sends 1 into m. Thus we have a homogeneous morphism φ(M ) : T (M ) → * Hom R (M, T (R)) which sends a homogeneous element x ∈ T (M ) to a morphism f x ∈ * Hom R (M, T (R)) such that f x (m) = T (ǫ m )(x) for every homogeneous element m ∈ M . It is easy to see that it is functorial on M . Thus we showed that there is a natural functorial morphism φ : T → * Hom R (−, T (R)). Therefore by the same method of [14, Lemma 4.4 and Propositions 4.5], there is a functorial isomorphism 
Thus in particular we can embed k to * lim
is an * essential extension of k, let Q be a graded submodule of * lim , we have
Consequently Q has support in V (m), so that Q = 0. Therefore
Let a be an ideal of R. The right derived local cohomology functor with support in a is denoted by RΓ a (−). Its right adjoint, LΛ a (−), is the left derived local homology functor with support in a (see [13] for detail). Now we have the following proposition, which its proof use Lemma 3.12, and the argument is the same as [15, Chapter V, Proposition 6.1]. Proposition 3.13. Let (R, m, k) be a * local ring and that D be a normalized * dualizing complex for R. Then RΓ m (D) ≃ * E R (k).
* Gorenstein injective dimension
In this section we introduce the concept of * Gorenstein injective dimension of complexes and we derive its main properties. In particular we prove a Chouinard's like formula for this dimension, and compare it with the usual Gorenstein injective dimension. (1) 
Consequently, the * Gorenstein injective dimension of M is determined by the formulas: 
is a quasiisomorphism under each of the next two condition: 
Proof. Is the same as [7, Corollary 2.10] using Theorem 4.4(a).
The ungraded version of the following theorem is contained in [7, Theorem 3.3] , and its proof is dual of [7, Theorem 3.1] . We present the proof of (3)⇒(4) for later use. (1) Moreover the following hold:
Proof. (2)⇒ (3) and (4)⇒ (1) 
By assumption g := * Gid R (Y ) is finite, so Y ≃ B for some complex of * Gorenstein injective modules:
Now it is clear that −g ≤ inf Y . By Lemma 4.5, for any * injective module J, the complex
. Now by the definition of * Gorenstein injective modules there exists an * injective module J such that J → B −g is surjective. Notice that the differential * Hom R (J, ∂ −g+1 ) in the complex * Hom R (J, B) is not surjective, for otherwise, for any φ ∈ * Hom R (J, B −g ) there exists a ψ ∈ * Hom R (J, B −g+1 ) such that φ = ∂ −g+1 ψ. This implies that ∂ −g+1 is surjective which is a contradiction. Therefore * Hom R (J, B) has nonzero homology in degree −g = inf Y . This gives ( * ). Next assume that g > − inf Y = −t and consider the exact sequence
and it is not difficult to see that the equality must hold. For otherwise * Gid R Y < g and by Proposition 4.
t ) = 0 for some * injective module J. Therefore ( * ) follows, which gives the inequality n ≥ − inf Y .
To prove the second part of (4) let B be a left-bounded complex of * Gorenstein injective modules such that B ≃ Y . By assumption * Gid R Y is finite, so there exists a bounded complexB of * Gorenstein injective modules such thatB ≃ Y . Since n ≥ − inf Y = − infB, the kernel ZB n fits in an exact sequence 0 → ZB −n →B −n →B −n−1 → · · · →B t → 0.
By Proposition 4.3 and the isomorphism
Now it is enough to prove that if I and B are left bounded complexes of respectively * injective and * Gorenstein injective modules and B ≃ Y ≃ I then the kernel Z I −n is * Gorenstein injective if and only if Z B −n is so. Let B and I be such complexes. As I consists of * injectives by [15, Chapter I, Lemma 4.5] there is a quasi isomorphism π : B → I which induces a quasi isomorphism between the complexes π ⊃ n : B ⊃ n → I ⊃ n . The mapping cone
is bounded exact such that all modules but the two right-most ones are * Gorenstein injective modules. It follows by Theorem 4.2 that Z I n is * Gorenstein injective if and only if B n+1 ⊕ Z B n is so, which is tantamount to Z B n being * Gorenstein injective. The two equalities are immediate consequences of the equivalence of (1)- (4).
with equality if
Proof. Is the same as [5, Proposition 6.2.6] using Theorem 4.6 and Corollary 3.8.
Recall the finitistic injective dimension of R which defined as 
Proof. Note that by ( * * ) in the proof of Theorem 4.6 above we have
Let D be a * dualizing complex of R. Then D is a dualizing complex of R, so we have the Bass category B(R) with respect to D (cf. 
It is easily seen that a complex Y ∈ * D (R) is in B(R) if and only if is in * B(R). 
Proof. It is dual to the proof of [7, Theorem 4.1] . In fact the proof uses that if N is a graded R-module satisfying both N ∈ * B(R) and * Ext m R (J, N ) = 0 for all integer m > 0 and all * injective R-module J, then N is * Gorenstein injective, which its proof is dual to [7, Lemma 4.6] . 
Proof. We follow the method of [7, Theorem 6.5] . By Theorem 4.11,
. Furthermore, we can assume that D is a normalized * dualizing complex, so that by Proposition 3.13 we have RΓ m (D) ∼ = * E R (k) and that D m is a normalized dualizing complex for R m . We compute as follows:
The second equality is by [20, Theorem 2.4(b) ], the third one by the fact that D m is homologically finite and by [13, Theorem 2.11] , and the forth one by [13, 2.6] , and the fact that
The ungraded version of the following result is in [7, Proposition 5.5] .
Proposition 4.13. Assume that R admits a * dualizing complex and let Y ∈ * D (R). Then for any homogeneous prime ideal p ∈ R there is an inequality
Proof. It is enough to show that if N is a * Gorenstein injective, then N (p) is * Gorenstein injective over R (p) . This is similar to the proof of [5, Theorem 6.2.13] using Corollary 4.9.
The following proposition is the graded version of [8 
is generated as a Z-module by x ⊗ r for x ∈ M t and r ∈ ( * R) 0 = R 0 and t is arbitrary, we see that M ⊗ R R 0 = 0. On the other hand we have
Since R 0 is a faithfully flat R 0 -module, we get that M = 0. This completes the proof. 
On the other hand since B n ∼ = N p and S n ∼ = R p , by Theorem 4.12 we have
Thus depth R p width Rp N p . Now if width Rp N p is finite, we have inf R * Hom S ( * E S (S/n), B) < ∞. Using Lemma 4.5 we have
Therefore the infimum must be zero. This proves the second statement. Since the * projective dimension of R (p) /(x) is finite we have
where the second inequality holds by [6, 4.3] , and the first equality follows from Proposition 2.4. Now let p be a maximal element in * supp R N . Set S = R (p) which is a * local ring with depth d, homogeneous maximal ideal n = pR (p) , B = N (p) , and l = R (p) /pR (p) . One has n ∈ supp S B and by exactly the same method of proof of [8 * pd S T finite and E := * E S (l). Let K denote the Koszul complex on a homogeneous system of generators for n. Since H i (K ⊗ S E) are Artinian, and by [3, Corollary 1.6.13], we have nH i (K ⊗ S E) = 0, we see that H i (K ⊗ S E) are finitely generated. So there is a resolution L ≃ −→ K ⊗ S E by finitely generated free S-modules. Using the * Hom-evaluation we have
The free resolution above induces a quasiisomorphism α from * Hom S (K ⊗ S E, E) ∼ = * Hom S (K, * S) to * Hom S (L, E). The mapping cone C = M(α) is a bounded complex of direct sums of * S and E. Thus 
In the following corollary we compare the * Gorenstein injective dimension with the usual Gorenstein injective dimension. 
